Based on our recent model for the dynamics of semiflexlible treelike networks ͓M. Dolgushev and A. Blumen, J. Chem. Phys. 131, 044905 ͑2009͔͒, we study the dynamical properties of chain polymers and of dendrimers whose junctions display different stiffness degrees ͑SD͒. In these polymers the functionality f of the inner junctions is constant, being f = 2 for the linear chains and f = 3 for the dendrimers. This allows us to focus on the effects caused by the heterogeneities due to different SD. For this we study alternating, diblock, as well as random arrangements of the SD. Each of these cases shows a particular, macroscopically observable behavior, which allows to distinguish between the different microscopic SD arrangements.
I. INTRODUCTION
Nowadays, polymer science focuses on large classes of macromolecules, with very different topologies and chemical structures. 1, 2 Especially, compounds built from several monomer species turn out to demonstrate remarkable statical and dynamical properties. From a theoretical point, the dynamics of flexible polymeric networks of arbitrary architecture may be approached using the generalized Gaussian structure ͑GGS͒ model. 3 The GGS model extends the classical Rouse beads-and-springs picture 4 by allowing the beads ͑the monomers͒ to be connected to more than two neighbors. The GGS concept was successfully applied to a large number of structures, see, e.g., Ref. 5 .
Another modern direction of study is the treatment of networks built from different monomer species. Investigations in this field were reported for linear chains, [6] [7] [8] [9] [10] [11] for dendrimers, 12 for dendrimers built from stars, 13, 14 and for specifically cross-linked polymers. 11, 15, 16 In all these cases copolymers built from monomer units of different mobilities display very rich dynamics. Furthermore, a recent work focused on elastomeric networks in which the junctions alternate regularly in their functionality. 17 Also of importance is the flexibility of the subunits; recent developments considered rodlike particles incorporated into flexible polymer chains, 18 into flexible polymer networks, [19] [20] [21] and also networks built from anisotropic nematic chains. 22 In this article we study the dynamics of semiflexible copolymeric structures using a recently developed model for semiflexible treelike networks ͑STN͒;
23 the model extends earlier approaches for polymer chains 24, 25 to arbitrary treelike architectures. We note that the pioneering approach of Ref. 24 was applied extensively, [26] [27] [28] [29] [30] [31] [32] see also Ref. 33 . The approach given in Ref. 23 is quite general, since it allows not only to treat arbitrary treelike arrangements but it also permits to specify explicitly the stiffness degree ͑SD͒ at each single junction, and thus to account for heterogeneous situations ͑as in the case of copolymers͒ throughout the sample.
In order to highlight the effects of different SD we restrict ourselves in this work to very regular topologies, namely, to polymer chains and to dendrimers of functionality f =3.
The structure of the paper is as follows. First, we recall the main points of the theory of STN. Then we consider semiflexible chains whose junctions display different SD; we focus on junctions of alternating SD for chains and for dendrimers, on diblock situations for chains, and also on random distributions of the SD for chains and for dendrimers. We close in Sec. IV with our conclusions.
II. THE MODEL
In order to study the dynamics of chains and dendrimers with heterogeneous stiffness we use our recent model for STN. 23 The basic idea of this model is to implement bondbond correlations into the GGS formalism 3, 5 for treelike networks. As we have shown in Ref. 23 , our formalism extends the generalized Langevin equation approach of Bixon and Zwanzig, originally applied to semiflexible chains. 24 In fact, the formalism also follows from a maximum entropy principle. 23, 25, 34 Now, the GGS formalism is the generalization of the Rouse model for linear polymer chains 4 to arbitrary architectures, where the polymer network is represented by beads located at r i ͑i =1, ... ,N͒ connected by springs ͑bonds͒, say d a = r i − r j . In the simplest case the potential V GGS between the GGS beads is purely harmonic, so that it is diagonal in the bonds' variables,
Here K =3k B T / l 2 denotes the spring constant, l 2 the meansquare length of each bond, and k B the Boltzmann constant, and the sum runs over all the bonds. In the absence of angular correlations between the different bonds, as is the case for flexible structures, the averages ͗d a · d b ͘, taken with respect to the Boltzmann distribution exp͑−V GGS / k B T͒, vanish.
On the other hand, when the polymers are semiflexible the bonds are correlated. As discussed in Ref. 23 for STN one may introduce semiflexibility using the generalized potential,
where one assumes the bonds to be oriented. Now, the evaluation of ͗d a · d b ͘ with respect to the Boltzmann distribution exp͑−V STN / k B T͒ and under assumption that the ͕d a ͖ are Gaussian-distributed gives
Defining now ͗d a · d b ͘ allows to compute the matrix W −1 , which after inversion specifies all W ab in Eq. ͑2͒. As shown in Refs. 23 and 24, a physically reasonable choice of the set ͗d a · d b ͘ is as follows: First, the mean-squared lengths are
Second, adjacent oriented bonds, say a and b, which are connected by a bead, say i, obey
Here the parameter t i reflects the stiffness of the junction i. The plus sign holds for a head to tail configuration of the oriented bonds a and b and the minus sign otherwise. In three dimensions, the SD t i is bounded by
where f i is the functionality of the ith bead. The lower bound for t i is t i = 0, which corresponds to the fully flexible case. Moreover, for nonadjacent bonds, say a and c, one may set 23 as in the freely rotating chain model,
where ͑b 1 , b 2 , ... ,b k−1 , b k ͒ is the shortest path that connects a with c, which for STN is unique. 36 The choice of Eq. ͑6͒ also follows automatically from the maximum entropy principle applied to STN. 23 We now recall the results of Ref. 23 
where t i is the SD and f i is the functionality of the ith junction; again the plus sign holds for head to tail configurations and the minus sign otherwise. The diagonal element of W corresponding to the bond b, which connects beads i and j, is
with the corresponding ͑t i , f i ͒ and ͑t j , f j ͒ parameters. We remark that Eqs. ͑7͒-͑9͒ give the potential, Eq. ͑2͒ in an analytically closed form. In the limit ͕t i → 0͖ one is led to W ab = W ba = 0 and to W bb = 1, and one recovers thus the potential, Eq. ͑1͒, of flexible treelike networks. Classically, the dynamics of polymeric structures can be described by a set of Langevin equations for the beads' positions. 5 The transformation from the bonds' to the positions' variables, d a = r i − r j , can be written in terms of the incidence matrix G,
Here the elements of G = ͑G ia ͒ are G ja = −1 and G ia = 1, when the bond a connects the beads i and j, and are zero otherwise. Any treelike network consisting of N beads has ͑N −1͒ bonds. Therefore, G is a rectangular N ϫ ͑N −1͒ matrix. Substitution of Eq. ͑10͒ into Eq. ͑2͒ gives
The Langevin equation, say for the x-component of the position vector r i = ͕x i , y i , z i ͖, is given by 5, 23 ‫ץ‬ ‫ץ‬t
Here f i is the x component of the usual Gaussian force acting on ith bead, for which ͗f i ͑t͒͘ = 0 and ͗f i ͑t͒f j ͑tЈ͒͘ =2k B T␦ ij ␦͑t − tЈ͒ hold. Let us define the matrix
In the case of vanishing stiffness values, t i → 0, the matrix W is the identity matrix, W=1, and A STN turns into the usual connectivity matrix A of the GGS, 5, 36 
After substituting Eq. ͑11͒ into Eq. ͑12͒ and taking Eq. ͑13͒ into account we obtain ‫ץ‬ ‫ץ‬t
The set of Langevin equations, Eq. ͑14͒, can be solved by diagonalizing the matrix A STN . Now, the elements of A STN are known in closed form, see Ref. 23 . Moreover, A STN is a sparse matrix, a fact which considerably simplifies its diagonalization. The eigenvalues ͕ k ͖ of A STN are fundamental for determining the mechanical relaxation pattern of the STN considered. 5, 32 Looking at the response of STN to applied harmonic strain fields, one is led to the complex shear modulus G ‫ء‬ ͑͒ = GЈ͑͒ + iGЉ͑͒. Dividing the GЈ͑͒ and GЉ͑͒ by k B T renders them dimensionless. For the reduced variables one has 5, 32 
In Eqs. ͑15͒ and ͑16͒ the ͕ k ͖ are the nonvanishing eigenvalues of the matrix A STN and we have set 0 = / K. The mechanical relaxation moduli have universal scaling relations which hold for all finite networks: for very small one has ͓GЈ͔͑͒ ϳ 2 and ͓GЉ͔͑͒ ϳ and for very large one has ͓GЈ͔͑͒ ϳ 0 and ͓GЉ͔͑͒ ϳ −1 . As in all related cases, the particular structure of the network can be seen only in the in-between region.
III. RESULTS
A major advantage of the formalism presented in Sec. II is its generality, namely, its ability to allow for different SD values at each junction, see Eq. ͑5͒. Thus we can consider not only treelike structures of any given complexity but also treat heterogeneous polymers whose junctions' stiffness varies through the structure. In order to see clearer the effects of such stiffness heterogeneities, we will focus on STN of highly symmetric topology, namely, on linear chains and on dendrimers of functionality f = 3. Note that the elements of matrix W, Eqs. ͑7͒-͑9͒, depend on the functionalities ͕f i ͖ and on the SD values ͕t i ͖ at each junction i.
A. Polymer chains
Polymer chains are special STN, in which all beads ͑apart from the end beads͒ have functionality f = 2. When all the t i of the internal beads are equal, t i ϵ t, one recovers the homogeneous case, which was already discussed in Refs. 24 and 32. The matrix W has then a simple structure,
Here we treat the general case, study how local changes in flexibility affect the dynamics of the chain, and report the reduced loss moduli ͓GЉ͔͑͒. First, we consider the role of a single impurity, i.e., having t j t for a single site j, see Fig.  1͑a͒ . Second, we consider chains with alternating SD values, t 2k ϵ t and t 2k+1 ϵ q for all k, see Fig. 1͑b͒ . Then we study diblock chains ͑DC͒, see Fig. 1͑c͒ . Finally, we consider chains with random distribution of the SD, see Fig. 1͑d͒ .
In the case of a single site, say j, having a distinct SD from the rest, t j t, the set of eigenvalues ͕ i ͖ of the corresponding matrix A STN differs only slightly from its homogeneous counterpart. If t j Ͼ t one notes that the highest eigenvalue N grows and separates significantly from the other eigenvalues, which differ only slightly from those of the homogeneous chain. In the opposite case, t j Ͻ t, the differences in the spectra are even weaker, the higher eigenvalues being slightly smaller than those of the homogeneous chain. Therefore, in both cases the effect on ͓GЉ͔͑͒ is rather weak. For t j Ͼ t the ͓GЉ͔͑͒ widens somewhat, whereas for t j Ͻ t it gets slightly narrower.
Chains with alternating SD values
We consider now chains in which the SD changes alternately from junction to junction, say, by taking the values t and q, see Fig. 1͑b͒ . Here we fix N = 30, let t = 0 and vary q. We plot in Fig. 2 the eigenvalue spectrum by arranging the eigenvalues in ascending order. For q = 0 we recover the spectrum of the completely flexible Rouse chain. With growing q the spectra show the appearance of two types of modes. In the spirit of solid state physics one might call them acoustical and optical; they are due to the periodic chainlike arrangements of structured subunits consisting of two monomers. In the spectrum, the eigenvalues corresponding to large-scale motions decrease with growing q, whereas the eigenvalues corresponding to small-scale motions increase, which leads to the formation of a gap. Inside the gap there is a single eigenvalue ͑in Fig. 2 this is 16 ͒ whose value stays constant ͑here 16 =2͒. Moreover, the spectral region widens with growing q. We note that similar behaviors were also observed for chains built from rodlike particles and springs in an alternating way;
18 comparable findings were also reported in Ref. 20 
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Dynamics of chains and dendrimers J. Chem. Phys. 132, 124905 ͑2010͒ like particles and in Ref. 16 for cubic networks with different friction parameters ͕ i ͖, where the relaxation spectrum also splits into acoustical and optical branches. The reduced loss moduli ͓GЉ͔͑͒ corresponding to the spectra of Fig. 2 are plotted in Fig. 3 . With growing q the spectral region widens, which is reflected in the widening of the ͓GЉ͔͑͒ curves. In the intermediate domain the typical scaling 1/2 for flexible linear polymers changes to an effective 0.43 scaling behavior. For large q, namely, q = 0.75 in Fig. 2 , the gap between the two eigenvalue domains is very wide. In Fig. 3 this manifests itself in the appearance of a small minimum in ͓GЉ͔͑͒. Such a minimum was also observed in Ref. 11 for flexible, alternating chains, in which the mobilities of the beads differ; such a situation also leads to the splitting of the corresponding low and high frequency modes and to the appearance of a minimum in ͓GЉ͔͑͒.
Diblock chains "DC…
Here we consider DC, in which one part is flexible and the other part is semiflexible, and choose for the SD value q = 0.75, see Fig. 1͑c͒ . Again we take N = 30 for the length of the chain. In terms of the STN model such block structures were encountered in an earlier study of a star polymer with 12 arms, 26 for which the SD of the junctions was varied, by assuming the junctions closer to the center of star to be stiffer than the rest.
The relaxation spectra for DC is presented in Fig. 4 , where we vary the length of the semiflexible part, while keeping the overall length constant. All the eigenvalues of the DC are bounded by the corresponding eigenvalues for the fully flexible and for the fully semiflexible chains of the same length. We note that for all DC the low eigenvalues are close to the corresponding eigenvalues of the fully flexible chain, whereas the high eigenvalues are close to the ones of the fully semiflexible chain. A similar behavior is observed for flexible DC with different friction coefficients, say A and B , for which for A / B =10 4 the relaxation times interpolate in a comparable fashion between the pure A and the pure B cases. 6 The reduced loss moduli ͓GЉ͔͑͒ corresponding to the eigenvalue spectra of Fig. 4 are plotted in Fig. 5 32 Generally, one has in the intermediate region a roughly ͓GЉ͔͑͒ ϳ ␣ scaling behavior. The exponent ␣ for DC with different lengths of the semiflexible parts is bounded by its values for fully flexible and for fully semiflexible chains. As a rough scaling behavior for ͓GЉ͔͑͒ we find for DC containing a semiflexible part of 1/4, of 1/2, and of 3/4 as approximate exponents ␣ = 0.43, ␣ = 0.39, and ␣ = 0.34, respectively. Moreover, in the intermediate region of frequencies one finds with an increasing DC semiflexible part a broadening 32 of the ͓GЉ͔͑͒ curves.
Chains with random stiffness
Finally, we study chains whose junctions display random SD values ͓see Fig. 1͑d͔͒ ; we assume these values to be homogeneously distributed in the interval ͓0;0.8͔. For a chain of N = 30 monomers we simulate 5000 distinct realizations using the standard random number generator of the MATHEMATICA7 package. For each realization we calculate the respective relaxation spectrum as well as the reduced loss modulus ͓GЉ͔͑͒; we average then the ͓GЉ͔͑͒ over all realizations. The averaged ͓͗GЉ͔͑͒͘ curve is presented in Fig.  6 , where we compare it to the loss modulus ͓GЉ͔͑͒ for a chain whose junctions have all the value t = 0.4. As is evident from Fig. 6 , the averaged loss modulus ͓͗GЉ͔͑͒͘ of chains with random SD values from the interval ͓0;0.8͔ behaves in the low and intermediate frequency domains very similarly to the ͓GЉ͔͑͒ for a homogeneous semiflexible chain with t = 0.4; the only noticeable difference occurs in the high frequency domain, where the two curves differ slightly, the ͓͗GЉ͔͑͒͘ curve extending to higher frequencies.
B. Dendrimers
In Fig. 7 we recall the topology of dendrimers; depicted is a dendrimer whose inner beads have functionality f =3, a value which we will assume in the following. The generation of the dendrimers depicted in Figs. 7 and 8 is g = 3. Because of their construction, dendrimers are STN. 23 We let the average mean-squared length of each bond be l 2 and focus on different patterns with different SD distributions, as indicated schematically in Figs. 7 and 8, and as explicitly discussed further on. Starting from the fully flexible situation, based on harmonic bonds ͑the simple GGS͒, we consider first a single junction having a SD distinct from zero. Taking for it a large parameter value, say q j = 0.45, the relaxation spectrum changes ͑similarly to the corresponding situation for a polymer chain͒, in that the highest eigenvalue gets separated from the rest of the spectrum. Given that for dendrimers the number of beads grows exponentially with the generation, the effect of this eigenvalue on the reduced loss modulus ͓GЉ͔͑͒ is, in general, very weak; thus, already for generation g = 6 one can hardly notice any effect on the ͓GЉ͔͑͒-curve.
Dendrimers with alternating SD values
First, we consider dendrimers whose SD values change generationwise and we let these values alternate. Thus we take for the central node the SD value to be q, then to be t for the junctions connecting the first generation with the second generation bonds, then again to be q, and so forth. We have indicated this by the different coloring of the beads in Fig. 7 .
In Fig. 9 are plotted the reduced loss moduli ͓GЉ͔͑͒ for dendrimers with alternating SD values for different generations. The corresponding values are set to q = 0.4 and to t = 0.0. One can see significant differences between the ͓GЉ͔͑͒ for odd ͑continuous lines͒ and for even ͑dashed lines͒ generations: the curves for odd generations have two, for even generations only one peak. Such differences were previously found for another type of heterogeneity, namely, for dendrimers built from beads whose mobility alternated with the generation; 12 in that case, however, it was found in both cases that ͓GЉ͔͑͒ displayed two peaks. The reason for the behavior which we witness here is rooted in the exponential growth of the number of beads with each generation; thus the beads and the junctions of the last generation are In Fig. 10 we plot additionally ͓GЉ͔͑͒ for dendrimers of generation g = 11, in which we keep for all junctions the SD value equal to zero, except for the three last layers of junctions ͑8, 9, and 10͒, for which we assume for the corresponding SD triples ͑t 8 , t 9 , t 10 
Dendrimers with random stiffness
As a last example we study here dendrimers whose SD values are randomly distributed in the interval ͓0;0.4͔, see Fig. 8 . We consider dendrimers of generation g = 8, for which we generate 10 000 realizations using the standard random number package of MATHEMATICA7. For every structure we calculate its relaxation spectrum as well as its reduced loss modulus ͓GЉ͔͑͒, from which we compute the averaged ͓͗GЉ͔͑͒͘, which is displayed in Fig. 11 . On the low frequency side the averaged reduced loss modulus ͓͗GЉ͔͑͒͘ behaves like the ͓GЉ͔͑͒ of a homogeneous semiflexible dendrimer with a SD value of q = 0.2 ͑the two curves are indistinguishable in this range͒; the curves differ on the high frequency side, where the ͓GЉ͔͑͒ for the random case extends toward somewhat higher frequencies.
IV. CONCLUSIONS
In this work we have considered semiflexible chains and dendrimers whose junctions have different SD values, being arranged in distinct ways. Here, we have explicitly calculated the loss moduli for mechanical relaxation for several typical cases. We treated stiffness effects in the framework of the theory of STN, 23 in which one is able to consider specific constraints on the level of each single junction.
In several instances we could show, both for the linear chains and for the dendrimers, that specific SD distributions lead to very typical ͓GЉ͔͑͒ forms. The approach used by us here is not limited to polymer chains or to dendrimers, but can be readily implemented to arbitrary STN. We expect that both our method and the findings described here may be useful in the analysis of relaxation experiments on STN, and especially on hyperbranched polymeric structures. 
